Abstract. For any bipartite systems, a universal entanglement witness of rank-4 for pure states is obtained and a class of finite rank entanglement witnesses is constructed. In addition, a method of detecting entanglement of a state only by entries of its density matrix with respect to some product basis is obtained.
Introduction
Let H and K be separable complex Hilbert spaces. Recall that a quantum state is an operator ρ ∈ B(H ⊗ K) which is positive and has trace 1. Denote by S(H) the set of all states on H. If H and K are finite dimensional, ρ ∈ S(H ⊗ K) is said to be separable if ρ can be written as
where ρ i and σ i are states on H and K respectively, and p i are positive numbers with k i=1 p i = 1. Otherwise, ρ is said to be inseparable or entangled (ref. [1, 16] ). For the case that at least one of H and K is of infinite dimension, by Werner [21] , a state ρ acting on H ⊗ K is called separable if it can be approximated in the trace norm by the states of the form
where ρ i and σ i are states on H and K respectively, and p i are positive numbers with n i=1 p i = 1. Otherwise, ρ is called an entangled state.
case dim H = dim K = 2 or dim H = 2, dim K = 3, a state is separable if and only if it is a PPT state, that is, has positive partial transpose (see [7, 17] ), but the PPT criterion has no efficiency for PPT entangled states appearing in the higher dimensional systems. In [3] , the realignment criterion for separability in finite-dimensional systems was found, which says that if ρ ∈ S(H ⊗ K) is separable, then the trace norm of its realignment matrix ρ R is not greater than 1. The realignment criterion was generalized to infinite dimensional system by Guo and Hou in [6] . A most general approach to characterize quantum entanglement is based on the notion of entanglement witnesses (see [7] ). A self-adjoint operator W acting on H ⊗ K is said to be an entanglement witness (briefly, EW), if W is not positive and Tr(W ρ) ≥ 0 holds for all separable states ρ. It was shown in [7] that, a state ρ is entangled if and only if it is detected by some entanglement witness W , that is, Tr(W ρ) < 0. However, constructing entanglement witnesses is a hard task. There was a considerable effort in constructing and analyzing the structure of entanglement witnesses for finite and infinite dimensional systems [2, 4, 14, 15, 20 ] (see also [10] for a review). Recently, Hou and Qi in [14] showed that every entangled state can be recognized by an entanglement witness W of the form W = cI + T with I the identity operator, c a nonnegative number and T a finite rank self-adjoint operator and provided a way how to construct them.
Another important criterion for separability of states is the positive map criterion [7, Theorem 2], which claims that a state ρ ∈ S(H ⊗ K) with dim H ⊗ K < ∞ is separable if and only if (Φ ⊗ I)ρ ≥ 0 holds for all positive linear maps Φ : B(H) → B(K). Hou [13] (1) ρ is separable;
(2) (Φ ⊗ I)ρ ≥ 0 holds for every finite-rank positive elementary operator Φ : B(H) → B(K).
Recall that a linear map Φ : B(H) → B(K) is an elementary operator if there are operators
It is known that an elementary operator Φ is finite rank positive if and only if there exist finite rank operators
for all X ∈ B(H) (ref. [13] and the references therein). 
. We also construct a class of entanglement witnesses from the finite rank positive elementary operators obtained in [18] (see theorem 3.1).
So far, by our knowledge, there is no methods of recognizing the entanglement of a state by merely the entries of its density matrix. Another interesting result of this paper gives a way of detecting the entanglement of a state in a bipartite system by only a part of entries of its density matrix (see theorems 3.2, 3.3). This method is simple, computable and practicable because it provide a way to recognize the entanglement of a state by some suitably chosen entries of its matrix representation with respect to some given product basis. As an illustration, some new examples of entangled states that can be recognized by this way are proposed, which also provides some new entangled states that can not be detected by the PPT criterion and the realignment criterion (see examples 3.4, 3.5).
Recall that a bipartite state ρ is called n-distillable, if and only if maximally entangled bipartite pure states, e.g. |ψ = 1 2 (|11 ′ + |22 ′ ), can be created from n identical copies of the state ρ by means of local operations and classical communication; is called distillable if it is n-distillable for some n. It has been shown that all entangled pure states are distillable.
However it is a challenge to give an operational criterion of distillability for general mixed states [8] . In [9] , it was shown that a density matrix ρ is distillable if and only if there are some projectors P , Q that map high dimensional spaces to two-dimensional ones such that the state (P ⊗ Q)ρ ⊗n (P ⊗ Q) is entangled for some n copies.
Universal entanglement witnesses for pure states
In this section we will give a simple necessary and sufficient condition for separability of pure states in bipartite composite systems of any dimension.
Before stating the main result in this section, we give a basic lemma. This implies that ∆(|φ φ|) is positive for any |φ . So, ∆ is a positive linear map. Now, for any separable state ρ ∈ S(H ⊗ K), we have Let W be an entanglement witness on H ⊗ K. We say that W is universal (for all states) if, for any entangled state ρ on H ⊗K, there exist unitary operators U on H and V on K such that 
The following is the main result of this section, which gives a universal entanglement witness of rank-4 for pure states. Particularly, we conclude that the separability of pure states can be determined by a special class of rank-4 witnesses, and every 1-distillable state can be detected by one of such rank-4 entanglement witnesses. However, we do not know whether or not there exists a universal entanglement witness for all states.
Let U (H) (resp. U (K)) be the group of all unitary operators on H (resp. on K). and {|j ′ } dim K≤∞ j=1 be any orthonormal bases of H and K, respectively. Let
Then W is an entanglement witness of rank-4. Moreover, the following statements are true.
(1) If ρ is a pure state, then ρ is separable if and only if
hold for all U ∈ U (H) and V ∈ U (K). So W is a universal entanglement witness for pure states.
(2) Let ρ be a state. If there exist U ∈ U (H) and
Proof. We first prove that W is an entanglement witness. It is obvious that W is not positive. Define a map Φ :
for every A ∈ B(H), where E ij = |i j| ∈ B(H). It is obvious that Φ is a positive map because
. Thus, by Lemma 2.1, W is an entanglement witness.
Conversely, assume that ρ = |ψ ψ| is inseparable. Consider its Schmidt decomposition
are orthonormal in H and K, respectively. As |ψ is inseparable, we must have its Schmidt
Up to unitary equivalence, we may assume
For the statement (2), assume that there exist U ∈ U (H) and V ∈ U (K) such that Tr((U ⊗ V )W (U † ⊗ V † )ρ) < 0. Then ρ is entangled. Moreover, ρ has a matrix representation
Thus, one gets
Now let P and Q be the projectors from H and K onto the two dimensional subspaces spanned by {|1 , |2 } and {|1 ′ , |2 ′ }, respectively. Then
which implies that (P ⊗ Q)ρ(P ⊗ Q) is entangled. It follows from [9] that ρ is 1-distillable.
The proof is complete.
Detecting entanglement of states by their entries
In this section, we give a method of detecting entanglement of a state in any bipartite system only by some entries of its matrix representation.
Let H and K be complex Hilbert spaces of any dimension with {|i
be orthonormal bases of them respectively. Denote E ij = E i,j = |i j|, which is an operator from H into H. Let n ≤ min{dim H, dim K} be a positive integer. By [18, Remark 5.2], for any permutation κ of (1, 2, · · · , n), the linear map Φ κ : B(H) → B(H) defined by
for every A ∈ B(H) is a positive elementary operator that is not completely positive if κ = id.
Then, for any unitary operators U and V on H, the map Φ
for every A ∈ B(H) is positive, too. Let ρ + = |ψ + ψ + |, where
Then, by Lemma 2.1, we get a class of entanglement witnesses of the form
is of finite rank because ρ + is.
Particularly, for permutations π, σ of (1, 2, · · · , n), if U and V are the unitary operators defined by U † |i = |π(i) , V |i = |σ(i) for i = 1, 2, · · · n and U † |i = |i , V |i = |i for i > n, then we have
for every A. And correspondingly, we get entanglement witnesses of the concrete form
where
if 1 ≤ i ≤ n, and
Thus we have proved the following result. be orthonormal bases of them respectively. For any positive integer 2 ≤ n ≤ min{dim H, dim K} and any permutations κ, π, σ of (1, 2, · · · , n) with κ = id, the finite rank
is an entanglement witness.
Assume that dim H = dim K = n. By applying the witnesses W π,σ κ in Theorem 3.1, we get a method of detecting the entanglement of states by the entries of their density matrix. Write the product basis of H ⊗ K in the order
Then every state ρ ∈ S(H ⊗ K) has a matrix representation ρ = (α kl ) n 2 ×n 2 .
Theorem 3.2. Let ρ ∈ B(H ⊗ K) with dim H = dim K = n < ∞ be a state with the matrix representation ρ = (α kl ) n 2 ×n 2 with respect to the product basis in Eq.(3.9). If there
then ρ is entangled.
Proof. Eq.(3.10) implies that, there exist permutations π 1 and σ 1 such that (
It is clear that π 1 (i) = σ 1 (i) as k i = h i for every i = 1, 2, · · · , n.
For any permutations κ, π and σ, by Theorem 3.1, we have
Comparing Eq.(3.11) with Eq.(3.12), we have to find permutations κ, π and σ so that
for each i, that is, π 1 = σπ −1 and σ 1 = σκ −1 π −1 . Take π = id. Then we get σ = π 1 and
1 π 1 , π = id and σ = π 1 satisfy Eq.(3.13). With such κ, π and σ, by Eqs.(3.11) and (3.12), we have
Hence, ρ is entangled with W π,σ κ an entanglement witness for it.
The general version of Theorem 3.2 is the following result, which is applicable for bipartite systems of any dimension. be orthonormal bases of them respectively. Assume that ρ is a state on H ⊗ K and n ≤ min{dim H, dim K} is a positive integer. If there exist permutations π and σ of (1, 2, · · · , n) with π(i) = σ(i) for any i = 1, 2, · · · , n such that
The idea of the proof of Theorem 3.3 is the same as that of Theorem 3.2 and we omit it here.
Theorems 3.2 and 3.3 tell us, some times we can detect the entanglement of a state by suitably chosen n 2 + n entries of its matrix representation with respect to some product basis, where n ≤ min{dim H, dim K}.
To illustrate how to use Theorem 3.2 and Theorem 3.3 to detect entanglement of a state, we give some examples.
Example 3.4. Let q 1 , q 2 , q 3 be nonnegative numbers with q 1 +q 2 +q 3 = 1 and let a, b, c ∈ C with |a| 2 ≤ q 2 q 3 , |b| 2 ≤ q 2 q 3 , |c| 2 ≤ q 2 q 3 . Let ρ be a state of 3 × 3 system with matrix 
Note that, ρ in Eq. We claim that, if q 2 < q 1 or q 3 < q 1 , then ρ is entangled.
In fact, choosing (k 1 , k 2 , k 3 ) = (1, 5, 9), (h 1 , h 2 , h 3 ) = (3, 4, 8) or (2, 6, 7), we have
By Theorem 3.2, we see that ρ is entangled if q 2 < q 1 or q 3 < q 1 .
It is clear that the partial transpose of ρ in Eq.(3.15) with respect to the first subsystem is 
Particularly, if we take q 1 = 
that are all positive.
Example 3.5. Let ρ be a state in 4 × 4 systems with the matrix 16) where q i ≥ 0 with (4, 5, 10, 15) and (h 1 , h 2 , h 3 , h 4 ) = (3, 8, 9, 14) .
Then, it follows from the first three choices that
with i = 2, 3, 4. Hence, by Theorem 3.2 we see that ρ is entangled if there exists some i ∈ {2, 3, 4} such that q i < q 1 . Similarly, by the last three choices one sees that ρ is entangled if there exists some i ∈ {1, 3, 4} such that q i < q 2 . 
and that the realignment of ρ is 
